Abstract. We define Toeplitz operators on all Dirichlet spaces on the unit ball of C N and develop their basic properties. We characterize bounded, compact, and Schatten-class Toeplitz operators with positive symbols in terms of Carleson measures and Berezin transforms. Our results naturally extend those known for weighted Bergman spaces, a special case applies to the Arveson space, and we recover the classical Hardy-space Toeplitz operators in a limiting case; thus we unify the theory of Toeplitz operators on all these spaces. We apply our operators to a characterization of bounded, compact, and Schattenclass weighted composition operators on weighted Bergman spaces of the ball. We lastly investigate some connections between Toeplitz and shift operators.
Introduction
The theory of Toeplitz operators on Bergman spaces on the unit ball in one and several variables is a well-established subject. Weighted Bergman spaces A classes of functions has been an active area of research. A good source, especially for positive φ, is [37, Chapter 6] . By contrast, there is not one single definition of a Toeplitz operator that is agreed upon even on the classical Dirichlet space of the disc. The papers [11] , [12] , [14] , [20] , [26] , [32] , [35] , [36] discuss several different kinds of Toeplitz operators on the Dirichlet space. The connections among them, and between them and the Toeplitz operators on Bergman spaces are not clear. Only [26] deals with the Dirichlet space on the ball, and only [32] and [35] can handle the more general Dirichlet spaces D q but for limited values of q, those between the Dirichlet space and the Hardy space. To the best of our knowledge, there is no work on Toeplitz operators on the Arveson space, not to mention one that can encompass all Dirichlet spaces D q on the unit ball.
There are some difficulties with Toeplitz operators on Dirichlet spaces that are not Bergman spaces, and these are the causes for discrepancies in various definitions used. The first is that inclusion does not imbed these spaces in the most appropriate Lebesgue classes. The second is to decide which projections to use from which Lebesgue classes. Thus one sees in literature Toeplitz operators T φ f defined via an integral that involve f or its derivatives, or φ or its derivatives, or the Bergman, Hardy, or Dirichlet kernels or their derivatives. A third difficulty is that reproducing kernels of D q for a large range of q are bounded and their normalized forms are not weakly convergent. This makes them impossible to use for obtaining a Berezin transform and perhaps explains why this range of q is never touched upon.
The difficulties are resolved by recognizing Dirichlet spaces D q on the ball as the Besov spaces B is a radial differential operator of sufficiently high order t with q + 2t > −1. Extended Bergman projections P s that map Lebesgue classes boundedly onto Dirichlet spaces can be precisely identified as in the case of weighted Bergman spaces by q + 1 < 2(s + 1). Then I t s is a right inverse to P s . This is all done in [22] . Now for all q ∈ R, we define the Toeplitz operator s T φ : D q → D q with symbol φ by s T φ = P s M φ I −q+s s . When q > −1, the case of weighted Bergman spaces, s = q is classical, but when q ≤ −1, s must satisfy −q + 2s > −1, so s = q. It is possible to take s = q also when q > −1. So we have more general Toeplitz operators defined via I −q+s s strictly on Bergman spaces too. It turns out that the properties of s T φ studied in this paper are independent of s and q. The results we obtain on the boundedness, compactness, and membership in Schatten classes of s T φ for φ ≥ 0 specialize to what is known for weighted Bergman spaces when s = q. Our main tools are Carleson measures and Berezin transforms. The first is defined via I t s rather than i; the second is defined via weakly convergent families in all D q that are actually Bergman reproducing kernels with different normalizations. These Carleson measures and weakly convergent families for all D q are studied first in [23] .
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More is true. The space D −1 is the Hardy space H 2 . Now s > −1 must hold, so s = −1, and hence s T φ is not the classical Toeplitz operator on H 2 . However, as s → −1 + , we indeed recover the classical Toeplitz operators on H 2 . We thereby present a unified theory of Toeplitz operators on all Dirichlet and Bergman spaces, the Arveson space, and the Hardy space.
The paper is organized as follows. The notation and some preliminary material are summarized in Section 2. Section 3 is for groundwork on Dirichlet spaces, Bergman projections on them, their imbeddings, and the differential operators between them, on which so much of this work rests. In Section 4, we define Toeplitz operators on all D q and develop several of their elementary properties. An intertwining relation between Toeplitz operators on D q and the classical ones on weighted Bergman spaces turns out to be versatile. We introduce the Berezin transforms in Section 5 and obtain some of their immediate consequences. We then explore the connection with the classical Hardy-space Toeplitz operators. Our main results are in Section 6. We characterize bounded, compact, and Schatten-class Toeplitz operators with positive symbols. We work more generally with Toeplitz operators whose symbols are positive measures. The results in Sections 4, 5, and 6 attest to the fact that the Toeplitz operators on general D q are natural extensions of classical Bergman-space Toeplitz operators. Section 7 describes an important application of Toeplitz operators on D q . We readily obtain characterizations of bounded, compact, and Schatten-class weighted composition operators on weighted Bergman spaces on the ball in terms of Carleson measures and Berezin transforms. The paper concludes with some remarks on the relationship between Toeplitz and shift operators in Section 8.
Notation and Preliminaries
The unit ball of C N is denoted B, and the volume measure ν on it is normalized with ν(B) = 1. When N = 1, it is the unit disc D. For c ∈ R, we define on B also the measures If X is a set, then X denotes its closure and ∂X its boundary. We let C be the space of continuous functions on B and C 0 its subspace whose members vanish on ∂B. If T is a Hilbert-space operator, then σ(T ) denotes its spectrum and σ p (T ) its point spectrum.
In multi-index notation, Constants in formulas are all denoted by unadorned C although each might have a different value. They might depend on certain parameters, but are always independent of the functions that appear in the formulas.
We use the convenient Pochhammer symbol defined by
when a and a + b are off the pole set −N of the gamma function Γ. For fixed a, b, Stirling formula gives
where x ∼ y means that both |x| ≤ C |y| and |y| ≤ C |x|, and above such C are independent of c. The hypergeometric function is
The Bergman metric on B is
where ϕ z (w) is the Möbius transformation on B that exchanges z and w; see [33, §2.2] . The ball centered at w with radius 0 < r < ∞ in the Bergman metric is denoted b(w, r). The Bergman ball b(0, r) is also the Euclidean ball with the same center and radius 0 < tanh r < 1. The Bergman metric is invariant under compositions with the automorphisms of B, hence ψ(b(w, r)) = b(ψ(w), r) for any ψ ∈ Aut(B). Bergman balls have the following properties, whose proofs can be found in [24, §2] .
Lemma 2.1. Given c ∈ R and r, we have
Given also w ∈ B, we have
Lemma 2.2. Given c ∈ R and r, there is a constant C such that for all 0 < p < ∞, g ∈ H(B), and w ∈ B, we have
Let's note that the measure τ is also invariant under compositions with the members of Aut(B); see [33, Theorem 2.2.6].
Given 0 < r < ∞, we call a sequence {a n } of points in B an r-lattice in B if the union of the balls {b(a n , r)} cover B and d(a n , a m ) ≥ r/2 for n = m. The second condition controls the amount of cover so that any point in B belongs to Vol. 58 (2007) Toeplitz Operators on Arveson and Dirichlet Spaces 5 at most M of the balls {b(a n , 2r)} for some M that does not depend on anything.
That r-lattices exist is proved for the unit disc in [7, Lemma 3.5] .
A twice differentiable function f on B satisfying ∆(f • ϕ z )(0) = 0 for all z ∈ B is called M-harmonic, where ∆ is the usual Laplacian on R 2N , and ϕ z is the Möbius transformation of B mentioned above. If f is M-harmonic, so is f • ψ for any ψ ∈ Aut(B). If f is M-harmonic, then the mean value of f on a sphere of radius less than 1 is equal to f (0); see [33, p. 52 
by polar coordinates. Now we pick ψ = ϕ w , make a change of variables in the integral using formula [33 
The right hand side is seen to be a Berezin transform of f in Section 5.
Dirichlet Spaces
Dirichlet spaces are Hilbert spaces of holomorphic functions on B. We give three equivalent definitions each of which has its use. The index q ∈ R is everywhere unrestricted. Definition 3.1a. The Dirichlet space D q is the reproducing kernel Hilbert space on B with reproducing kernel 
The hypergeometric kernels appear in [10, p. 13] . The kernels K q are complete Nevanlinna-Pick kernels if and only if q ≤ −N as explained in [5] . Further, they are bounded if and only if q < −(N + 1). 
by [6 
If N = 1, the growth rate of the norms in
The third equivalent definition recognizes that the Dirichlet space D q as the Besov space B 2 q as described in [21] and [22] . For comparison, it is also the holomorphic Sobolev space A 2 1+q+2t,t of [10] , but this must not be confused with the Bergman-space notation A 2 q of ours. But we need to introduce some radial derivatives first.
Let f ∈ H(B) be given by its homogeneous expansion f = ∞ k=0 f k , where f k is a homogeneous polynomial of degree k. Then its radial derivative at z is
What is important is that Other useful properties are that D
The parameters s and t can be complex numbers too; then we just need to replace them with their real parts in inequalities as done in [22] .
A script D q with only a lower index represents a Dirichlet space while an upper case D t s with a lower and an upper index represents a radial differential operator. They should not be confused.
Another property of D t s we use without further mention is that it always acts on the holomorphic variable. Hence the series expansion of K q shows that always
Now we define the linear transformations I t s that are essential to this work by 
with t satisfying (3.5). The reproducing
for the same t, which can be further simplified for s = q using (3.4). We need a constant C in order to accomodate the variation due to s, t. 
. Writing this out in integrals, by the uniqueness of the adjoint and using (3.3) and (3.2), we obtain the somewhat surprising result that
Bergman projections, as extended in [22] , are the linear transformations
defined for all s with suitable f . The next result is contained in [22, Theorem 1.2].
Given an s satisfying (3.7), if t satisfies (3.5), then
The second statement clearly shows that P s is onto whenever it is bounded. Note that (3.7) and (3.5) together imply s + t > −1 so that 1 + s + t does not hit a pole of Γ and C s+t > 0. If q > −1, we can take t = 0, then I 0 s = i, and Theorem 3.3 reduces to the classical result on Bergman spaces. The next result is proved in [25, §5] .
We often write the inequalities (3.7) and (3.5) in the form q + 1 < p(s + 1) and q + pt > −1 when we consider the general family of B 
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Note again that (3.7) and (3.5) together imply s + t > −1 so that K s+t is binomial. Now we have the operator equalities
Analogous equalities appear, for example, in [38, Lemma 20] for q > −1.
Let q be given. If s satisfies (3.7), then the value of t obtained from (3.10) satisfies (3.5). Conversely, if t satisfies (3.5), then the value of s obtained from (3.10) satisfies (3.7).
Notation 3.6. Henceforth given a q, we select s so as to satisfy (3.7), and put
in the remaining part of the paper. Note that 
in D q . This is a genuine norm, that is, the only function whose norm is 0 is the one that is identically 0. If q > −1, it is standard to use u = 0. Finally, we redefine the Bergman projections P s : L 2 q → D q by multiplying them by C Q as done in [16, (7) ]. Then (3.8) takes the form
(3.13)
Lastly P s = 1 now by Proposition 3.4. 
simply by writing out the definition of the adjoint. Now we have one more way to compute the adjoint of
, and the multiplication is as just discussed. Then by (3.6), (3.15), the above remarks, differentiating under the integral sign, and (3.4), we reobtain that
Example 3.7. We repeat [24, Remark 4.8] in our notation. We need it when we define Berezin transforms in Section 5. Given a q, pick an s satisfying (3.7), recall that Q > −1, let w ∈ B, and put
Then obviously q g w Dq = 1 for all w ∈ B. Thus q g w is essentially a normalized reproducing kernel; but although the kernel K s is that of D s , the normalization is done with respect to the norm of D q . The kernels K q (·, w) and K s (·, w) have the reproducing properties 
Vol. 58 (2007) Toeplitz Operators on Arveson and Dirichlet Spaces 11
When q > −1, then s = q satisfies (3.7), and q g w (z) is nothing but the normalized reproducing kernel of the Bergman space A 2 q . When q ≤ −1, we can use s = 0 or Q = 0 for simplicity in q g w (z).
Toeplitz Operators
In this section, we define the Toeplitz operators on all D q and obtain their several elementary properties. The main theme is that they extend and preserve the character of classical Toeplitz operators on weighted Bergman spaces. Theorem 3.3 forces us to define them as follows. Hankel-Toeplitz operators with analytic symbols on weighted Bergman spaces of the unit disc that employ Cauchy-Riemann operators resembling I u s are investigated in [36] .
Explicitly,
Q and f is a polynomial. Hence s T φ is a densely defined possibly unbounded operator on D q for such φ, because polynomials are dense in each D q . It is also clear that the map φ → s T φ is linear.
Proof. Taking f ∈ D q and using P s = 1,
as desired.
12
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and define
The operator s T µ is more general and reduces to s T φ when dµ = φ dν q . It makes sense when κ is finite and f is a polynomial. Like s T φ , it is a densely defined possibly unbounded operator on D q for finite κ. Note that µ need not be finite in conformity with that q is unrestricted. We develop basic properties of s T φ and s T µ in this section. We can assume φ and µ are such that the corresponding Toeplitz operators are bounded. First, if φ ≡ λ, then s T λ = λ I for any s by (3.13). Next,
by (3.14). So s T φ is self-adjoint if φ is real-valued a.e. in B. By (3.14) again, 
, and
Q are unitarily equivalent, and so are s T µ and Q T κ . Said differently, the following diagrams commute:
Proof. By differentiation under the integral sign and (3.
. This is the first intertwining relation; the second is identical.
For the second assertion, we note that (D Similar relations can be found in [36, §1] and [12, Lemma 3.1]. They are more limited than ours since N = 1 for both, the first is only for Bergman spaces, and the second is only with first-order derivatives.
One property of classical Toeplitz operators on Bergman spaces is that if φ is holomorphic, then Q T φ = M φ . Theorem 4.5 shows that the corresponding relationship for Toeplitz operators on Besov spaces is not so simple; we have instead 
By the uniqueness of the adjoint, we are done.
As a matter of fact, Carleson measures on D q are defined in [23] using this I Every property of Toeplitz operators obtained above can also be derived from Theorem 4.5 and the corresponding property of classical Bergman-space Toeplitz operators. We prove several other properties employing the same instrument.
Proposition 4.7. If ψ ∈ H(B), then (
Proof. By Theorem 4.5, a similar result on Bergman-space Toeplitz operators, and Theorem 4.5 again,
The second identity follows by taking adjoints.
It also follows that ( s T ψ )( s T ψ ) = s T ψ 2 for ψ ∈ H(B) or ψ ∈ H(B).
We are now in a position to prove a result about the commutants of Toeplitz operators with holomorphic symbols on the disc.
Theorem 4.8. Suppose
N = 1. If φ ∈ L ∞ , ψ ∈ H ∞
is nonconstant, and s T φ and
Q . We let k = 0, 1, 2, . . . and compute the successive actions of the given Toeplitz operators on 1 ∈ D q ordered in two ways. By Theorem 4.5, (3.2), and the proof of [8, Theorem] which is equally valid for weighted Bergman spaces, we obtain
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and Proof. These follow from their classical Bergman-space counterparts, which are in [3] , and Theorem 4.5.
We have already shown that a bounded φ gives rise to a bounded s T φ . It is reasonable to expect that a more restricted φ gives rise to a compact s T φ .
Proposition 4.10. If φ ∈ L ∞ has compact support in B, then s T φ is compact. Similarly, if µ is finite and has compact support in B, then s T µ is compact. If φ ∈ C, then s T φ is compact if and only if
Proof. These all follow from the same classical Bergman-space results (see [37, §6.1] , for example), Theorem 4.5, and the fact that a composition of a compact operator with a bounded one is compact.
Berezin Transforms
To develop the theory of Toeplitz operators further, we need to introduce the Berezin transforms.
Definition 5.1. Let { q g w } be the family of functions in D q described in Example 3.7, and let T be a linear operator on D q . We define the Berezin transform of T as the function
It is clear that T * (w) = T (w), that | T (w)| ≤ T for all w ∈ B if T is bounded, and that T (w) is a continuous function of w since q g w depends on w continuously.
When T is a Toeplitz operator, we also use the common notation s φ q for s T φ and s µ q for s T µ , and call them the Berezin transforms of φ and µ. Equation (4.1), Example 3.7, and Theorem 4.5 yield the explicit forms 
Proposition 5.3. If φ ∈ H(B), then
by Theorem 4.5, Example 3.7, the classical Bergman-space result, and (3.4).
Therefore if φ ≡ λ, then λ is an eigenvalue for s T λ with eigenvector q g w . As expected, this is the only possibility for the point spectrum of s T φ as we show next, where we also determine the spectrum of s T φ .
, and σ p ( s T φ ) = ∅ unless φ is identically constant.
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Proof. Again this is a straightforward consequence of the unitary equivalence stated in Theorem 4.5 and the well-known Bergman-space result which can be found in [37, Chapter 6 ].
We do not pursue spectral theory any further in this work. Let's finally give some general equivalent conditions for the boundedness and compactness of s T φ . 
That is, the restriction of φ to ∂B vanishes. By the maximum principle, φ vanishes on all of B. 
We write only those formulas in which the symbol of the Toeplitz operator is a function; for the formulas when the symbol is a measure, we just substitute dµ(w)
The weakly convergent family in A we use in defining the Berezin transform is
The Berezin transform is
A value of Q that gives simpler formulas is Q = N + 2s = 0, because the factors Remark 5.6. However, let's take the limits as u → 0 + , that is, as s → −1 + , of the formulas for H 2 when N = 1. Let's assume φ has boundary values on ∂D, also called φ, so that Hardy-space expressions make sense; f ∈ H 2 clearly has boundary values. It is known by weak- * convergence of measures that
where · H 2 is the classical norm on H 2 . For a detailed proof, [25, §3] can be consulted. With the same computation, we obtain
where k w is the classical normalized reproducing kernel of H 2 . Next we obtain
where
is the classical Toeplitz operator on H 2 defined via the Szegő projection P. We also obtain 
Toeplitz Operators with Positive Symbols
Throughout this section we assume φ ≥ 0 and µ ≥ 0 so that the resulting Toeplitz operators s T φ and s T µ on D q are positive. We then give equivalent conditions for the boundedness, compactness, and membership in Schatten classes of these Toeplitz operators. Our main tools are the Berezin transform and Carleson measures. The only exception to positivity is Theorem 6.7, where φ is bounded instead. , r) ) is bounded for w ∈ B for some 0 < r < ∞. The measure µ is called a vanishing q-Carleson measure if the same ratio tends to 0 as |w| → 1 for some 0 < r < ∞.
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The following characterization of q-Carleson and vanishing q-Carleson measures is given in [24, Theorem 5.9] , actually in slightly more general form. Its corollary also appears in the same source. Fix q. Let r, an r-lattice {a n }, and s satisfying (3.7) be given. The following conditions are equivalent for a positive Borel measure µ on B.
Theorem 6.2.
(i) The measure µ is a q-Carleson (resp. vanishing q-Carleson) measure.
(ii) The sequence { q µ r (a n )} is bounded (resp. has limit 0).
Thus the property of being a (vanishing) q-Carleson measure is independent of r, {a n }, and s under (3.7), but depends on q. In accordance with that q is unrestricted, a (vanishing) q-Carleson measure need not be finite. It is among the consequences of Theorem 6.2 that if µ is a q-Carleson measure, then κ is finite; see [24, §1] . In the light of Theorem 6.4, the finiteness of κ, which is stated for s T µ to make sense when it is first defined in Section 4, is as natural a condition as possible. 
which defines the averaging function φ r on Bergman balls independently of q.
Corollary 6.6. Suppose φ ≥ 0 is a measurable function on B. Let r, an r-lattice {a n }, and s satisfying (3.7) be given. The following are equivalent.
The averaging function φ r is bounded on B (resp. in C 0 ).
The sequence { φ r (a n )} is bounded (resp. has limit 0).
We make an excursion from our main line of development to insert a result on the compactness of Toeplitz operators whose symbols are not necessarily positive. 
We are interested in H = D q for any q ∈ R. We need a few lemmas before we characterize the Toeplitz operators with positive symbols that are in Schatten ideals 
where (D 
which proves the first equality. The second equality follows by modifying the proof of [37, Proposition 6.3.2] for the ball and for weighted Bergman spaces. Lemma 6.10. We have
Proof. By Lemma 6.9 and (5.1), we have
The rest now follows by modifying the proof of the Corollary to [37 
which is what is wanted.
The classical Bergman-space versions of Lemmas 6.9-6.12 can be found in [37, §6.3] . Now we are ready for a characterization of Toeplitz operators in S p .
Theorem 6.13. Suppose µ is a positive Borel measure on B. Let 1 ≤ p < ∞, r, an r-lattice {a n }, and s satisfying (3.7) be given. The following are equivalent. (ii) =⇒ (iii): Lemma 2.1 shows that (iii) ⇐⇒ (iv): This is in [24, §5] and has an independent proof.
As observed above, the conclusions of Theorem 6.13 do not depend on s, r, {a n }, or { q g w }, but do depend on q. When we specialize to s T φ , that dependence disappears too in the same way as in Corollary 6.6. Corollary 6.14. Suppose φ ≥ 0 is a measurable function on B. Let 1 ≤ p < ∞, r, an r-lattice {a n }, and s satisfying (3.7) be given. The following are equivalent.
The classical Bergman-space versions (q > −1 with i = I 0 q ) of Theorems 6.4 and 6.13 on D can be found in [37, Chapter 6] . What is new here are that the results now hold for all Dirichlet spaces (q ∈ R), that they hold although Toeplitz operators here are defined via I u s for all q rather than i, and thus they give a unified picture of Toeplitz operators on weighted Bergman and other Dirichlet spaces.
Thus, when φ ≥ 0, the Toeplitz operator s T φ on the Arveson space is bounded, compact, or in S p precisely when the classical Toeplitz operator 0 T φ on the Bergman space A 2 0 is bounded, compact, or in S p , which occurs precisely when the averaging function φ r is bounded, in C 0 , or in L p (τ ), respectively. Operators resembling η E ϕ are used in [28] and [39] in similar contexts. Then Thus M η C ϕ is bounded (resp. compact) if and only if the quantity in (7.1) as a function of w is bounded in B (resp. in C 0 ).
When N = 1, this theorem is proved in [13, Proposition 2] using a characterization of Carleson measures via a derivative of disc automorphisms, a tool not readily available for N > 1. (Incidentally, the so-called weighted ϕ-Berezin transform B ϕ,α in [13] should have the measure dA α instead of dA in its definition.) Yet we are able to prove Theorem 7.2 with great ease once the theory of Carleson measures on Besov and Toeplitz operators on Dirichlet spaces are developed.
Our next result on the Schatten-ideal membership of M η C ϕ follows from Theorem 6.13 with a proof very similar to that of Theorem 7.2. For N = 1 and Q = 0, Theorem 7.3 is contained in [13, Theorem 3] with a similar proof. The following corollary follows similarly too.
